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The effects of interactions and anisotropy on the magnetic properties of linear chains of
superparamagnetic nanoparticles are studied theoretically by mapping the problem onto spin
models. With zero anisotropy, the magnetic dipole moments are free to rotate, and the system
resembles a classical ferromagnetic Heisenberg model with long-range dipolar interactions. With
strong anisotropy, they are constrained to align with the chain, and the system resembles a
classical ferromagnetic Ising model with long-range interactions. Using a modified mean-field
theory, expressions for the magnetization curve and initial magnetic susceptibility are derived from
the response of a single particle subject to an effective field arising from the applied field and
the interactions with the other particles. Various approximations for the effective field are tested
against results from Monte Carlo simulations. It is shown that for physically relevant interaction
strengths, reliable theoretical predictions for both the zero-anisotropy and strong-anisotropy cases
can be derived in simple and closed form.
Keywords: Heisenberg model; Ising model; dipolar interactions; magnetization; magnetic
susceptibility; modified mean-field theory; Monte Carlo simulations.
I. INTRODUCTION
A superparamagnetic nanoparticle possesses a net
magnetic dipole moment µ which is aligned preferentially
along an easy axis defined by the crystal structure of
the constituent material. The dipole moment can reori-
ent through the Néel mechanism at a rate that depends
on the energy barrier separating two degenerate orien-
tations, which is characterized by the anisotropy con-
stant K of the magnetic material. The Néel relaxation
time is proportional to exp (σ), where σ = Kv/kBT , v
is the volume of the magnetic core of the particle, kB is
Boltzmann’s constant, and T is the temperature [1]. In
a fluid colloidal suspension, the nanoparticles (and their
easy axes) undergo Brownian rotation, and so the dipole
moments can reorient by a combination of the Néel and
Brownian mechanisms [1]. If the nanoparticles are im-
mobilized in a solid matrix, then the Brownian mecha-
nism is blocked, and the orientations of the easy axes are
fixed. It is important to understand how the anisotropy
and the orientational distribution of easy axes affect the
magnetization curve and initial magnetic susceptibility of
immobilized superparamagnetic nanoparticles, in order
that new materials can be developed and exploited for
∗ Corresponding author: philip.camp@ed.ac.uk
technological applications [2, 3]. Recently, this problem
was studied using a combination of theory and computer
simulation [4]. The theory was based on the so-called
modified mean-field (MMF) approach [5, 6], where the
problem of interacting magnetic particles is reduced to a
one-particle calculation by defining an effective magnetic
field due to the applied field and the interactions with the
other particles. To calculate this effective field requires a
description of the orientational correlations between par-
ticles. In the first-order MMF theory, correlations are
ignored. It was found that the MMF theory works well
in the case of zero anisotropy (σ = 0) or when the easy
axes are oriented randomly in space, as compared to nu-
merical results from Monte Carlo (MC) simulations. The
reason for this is that the effective interactions between
dipoles are short ranged; although the dipolar interac-
tion is anisotropic and decays with distance r like 1/r3,
the longest-range part of the orientationally averaged,
isotropic interaction decays like −1/r6 [7]. Hence, the
orientational correlations are weak, and a mean-field ap-
proach is adequate to compute the magnetic properties.
The MMF approach is not very accurate in the case of
strong anisotropy (large σ) and parallel alignment of the
easy axes with the field direction. In this case, the in-
teractions between dipoles remain anisotropic and long-
ranged, the orientational correlations are substantial, and
the impact on the magnetic properties is significant. To
improve the accuracy of the MMF theory, a better rep-
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resentation of the orientational correlations is required.
In general, describing the orientational correlations be-
tween strongly interacting dipolar particles is difficult,
but there is at least one special case where the prob-
lem can be simplified considerably. In the classical one-
dimensional n-vector models [8], each spin S has n com-
ponents, and the exchange energy is proportional to
−JSi · Sj . The models with nearest-neighbor ferromag-
netic interactions have been studied extensively, and the
properties are known exactly: the Heisenberg model cor-
responds to n = 3 [9, 10]; and the Ising model corre-
sponds to n = 1 [11]. With interactions that decay with
distance like r−a, the Heisenberg model only exhibits fer-
romagnetism if 1 < a < 2 [12–14], and the Ising model
exhibits ferromagnetism if 1 < α ≤ 2 [15–19].
The ferromagnetic Ising model resembles a linear chain
of immobilized superparamagnetic nanoparticles, with
the easy axes aligned with the chain, an anisotropy con-
stant σ → ∞, and the magnetic field applied in the
chain direction. The long-range dipolar interactions can
be thought of as a perturbation to the nearest-neighbor
interactions in the Ising model. Hence, in this special
case, the effective field felt by one superparamagnetic
nanoparticle in the chain could be estimated by using
the properties of the one-dimensional Ising model. Some-
thing similar could be done for the σ = 0 case, but the
necessary expressions for the one-dimensional Heisenberg
model are much more complicated [10, 20].
This aim of this study is to compute the magnetic
properties of a linear chain of interacting superparam-
agnetic nanoparticles by mapping the problem onto one-
dimensional spin models. Simple formulas will be ob-
tained describing the dependence of the magnetization
curve and initial susceptibility on the strength of the in-
teractions. The theoretical predictions will then be tested
against numerical results from MC simulations. The rest
of this article is organized as follows. Section II summa-
rizes various MMF and mean-field (MF) approaches to
the properties of systems with zero anisotropy (σ = 0,
Heisenberg-like spins) and with infinite anisotropy (σ =
∞, Ising-like spins). Section III describes the MC sim-
ulations. The results are presented in Section IV, and
Section V concludes the article.
II. THEORY
A. Model
N spins are equally spaced in a chain aligned with the










where β = 1/kBT , U is the pair interaction energy,
and Φ contains the interaction energy between a spin
and the applied field, and in the case of anisotropy, a
term constraining the spin to align with a particular
axis. The function U depends on the separation be-
tween the spins, r = |i − j|, and can include a cut-off
at separation R. R = 1 corresponds to nearest-neighbor
interactions, while R = ∞ means long-range interac-
tions. A three-component spin is defined by a polar an-
gle θ and an azimuthal angle φ: Si = (Six, Siy, Siz) =
(sin θi cosφi, sin θi sinφi, cos θi). The dipolar interaction
energy between spins is
βU(Si,Sj , r) =
J
2r3




[sin θi sin θj cos(φi − φj)− 2 cos θi cos θj ]
(2)
if r = |i− j| ≤ R, and it is zero otherwise. The coupling
constant J is defined such that the minimum interaction
energy between nearest neighbors is −J (when cos θi =
cos θj = 1). The single-spin energy is
βΦ(Si) = −αSiz − σS2iz (3)
where α is proportional to a magnetic field in the z di-
rection, and σ constrains the spins to lie along the easy





cos θρ(cos θ)d cos θ (4)
where ρ(cos θ) is the one-spin density,∫ 1
−1 ρ(cos θ)d cos θ = 1, m = 0 means no alignment, and
m = ±1 means complete alignment.
B. Mapping the model onto immobilized magnetic
colloids
To make a connection with colloidal properties [1], each
spin corresponds to a magnetic dipole moment µ = µS,
and the spacing between spins is a. For spherical su-
perparamagnetic particles with diameter d, the dipolar









where µ0 is the vacuum permeability, and ϕ ∼ (d/a)3
is the volume fraction of particles. For typical magnetic
colloids, λ ∼ 1 and ϕ ∼ 0.1, so that in a random dis-
persion of particles, J = 2λϕ ∼ 0.2. If the applied field














where M = mµ/a3 is the real magnetization. In terms













The aim is to calculate the one-spin density ρ(S), from
which the magnetization curve and initial susceptibility
can be obtained. The Yvon-Born-Green (YBG) equa-
tion linking the one-spin density to the pair distribution














where the factor of 2 in the second term on the right-hand
side accounts for interactions between a spin and the R
neighbors either side of it. The general approach is to use
approximations for ρ(S′) and g(S,S′, r), and to obtain
simple, closed-form expressions for ρ(S), m, and χ. Two
different cases will be considered: zero anisotropy (σ = 0)
meaning that the spins are free to rotate in all three
directions; and infinite anisotropy (σ =∞) meaning that
the spins are constrained to lie parallel or antiparallel to
the z axis.
D. Zero anisotropy
With σ = 0, the spins are free to point in any direc-
tion in space. Two theories will be summarized below:
a modified mean-field theory based on non-interacting
spins; and conventional Weiss mean-field theory [22].
1. Modified mean-field theory based on non-interacting
spins
In what follows, the tilde (˜) denotes a reference sys-
tem with known properties that are used to evaluate the
right-hand side of the YBG equation. For non-interacting
spins, the one-spin density is
ρ̃(cos θ) =
α exp (α cos θ)
2 sinhα
(10)
and the fractional magnetization is
m̃ = cothα− 1
α
≡ L(α) (11)
which defines the Langevin function L. The initial sus-






which is the equivalent of the Langevin susceptibility for
magnetic colloids. There are no correlations between
non-interacting spins, and hence the pair distribution
function in this case is g̃(S,S′, r) = 1. The YBG equa-
tion with R =∞ is then















3 ' 1.20205. Note that differenti-
ating U with respect to cos θ gives one term proportional
to cos (φ− φ′) that disappears on integration over φ′, and
another term proportional to cos θ′ that does not depend
on φ′ at all. Integrating the YBG equation gives the
one-spin density
ρ(cos θ) =
αeff exp (αeff cos θ)
2 sinhαeff
(14)
and the magnetization curve
m = L(αeff) (15)
where
αeff = α+ 2Jζ(3)m̃ (16)
is the effective field felt by a single spin, containing the
bare-field term α, and the interactions with all of the
other spins. The susceptibility for interacting spins, com-













This theory is referred to as ‘MMF(NI)’, where ‘NI’ indi-
cates that ρ̃ and g̃ are those of the non-interacting system.
2. Mean-field theory
Of course, the conventional Weiss mean-field theory
[22] gives an effective field precisely of the form of
Eq. (16), but with m determined self-consistently accord-
ing to the relation
m = L(α+ 2Jζ(3)m). (18)









which erroneously signals a transition to a ferromagnetic
phase at Jc = 3/2ζ(3) ' 1.24786. Note that an expan-
sion of this result with respect to J gives a linear term in
agreement with Eq. (17). This theory is indicated with
‘MF’ for ‘mean field’.
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E. Infinite anisotropy
If a spin is strongly aligned with the z axis, then S2ix+
S2iy = ε and Siz ≈ ±(1 − 12ε). It is necessary to keep Si
as a continuous variable in order to define and integrate
the YBG equation. In the limit σ → ∞, Si = (0, 0, Si)
with Si = ±1, and so the fractional magnetization is
m = ρ(+1)− ρ(−1) = 2ρ(+1)− 1 = 1− 2ρ(−1) (20)




(1 + Sm̃) [δ(S − 1) + δ(S + 1)] (21)
where S is constrained to ±1 by the Dirac δ functions.
The one-dimensional dipolar Ising model and extensions
have been used to study inhomogeneous nanowires [23],
structure in organic ferroelectrics [24], and the ordering of
water in one-dimensional nanopores [25–27]. Three theo-
ries will be detailed below: two modified mean-field the-
ories will be derived, based on non-interacting spins, and
the nearest-neighbor Ising model; and the Weiss mean-
field model.
1. Modified mean-field theory based on non-interacting
spins
For non-interacting particles in the limit σ → ∞, the
one-spin density is
ρ̃(S) =
exp (αS) [δ(S − 1) + δ(S + 1)]
2 coshα
(22)
the magnetization curve is
m̃ = tanhα (23)
and the pair distribution function is g̃(S, S′, r) = 1.
Hence, the YBG equation becomes
d ln ρ(S)
dS








= α+ 2σS + 2Jζ(3)m̃.
(24)














where the effective field is
αeff = α+ 2Jζ(3)m̃. (27)









= 1 + 2Jζ(3) (28)






This theory is referred to as ‘MMF(NI)’.
2. Modified mean-field theory based on interacting spins
with R = 1
Using a more accurate expression for the pair distribu-
tion function g̃(S, S′, r) should give improved results. To
this end, ρ̃(S′) and g̃(S, S′, r) in the YBG equation can
be approximated by the known functions for the nearest-
neighbor Ising model [11], which corresponds to the cur-
rent model with R = 1 and σ = ∞. The magnetization
curve is given by
m̃ =
sinhα√
exp (−4J) + sinh2 α
(30)
and the one-spin density is given by Eq. (21). As shown
in the Appendix, the pair distribution function is given
by
g̃(S, S′, r) =
1 + (S + S′)m̃+ SS′C̃r
(1 + Sm̃)(1 + S′m̃)
(31)
where C̃r is the spin-spin correlation function. C̃r is given
by












e−2J + e2J sinh2 α. (33)
Now, these results are strictly for Si = ±1, but to in-
tegrate the YBG equation, g̃(S, S′, r) should be a func-
tion of continuous variables. Therefore, the assumption is
made that Eq. (31) applies for all values of −1 ≤ S, S′ ≤
1, and that the orientational correlations are independent
























Integrating this expression and using Eq. (26) gives a





















In a strong field and/or at large distances, C̃r ≈ m̃2, and
hence αeff ≈ α + 2Jζ(3)m̃, which agrees with the MMF
theory based on non-interacting spins [Eq. (27)]. The
initial susceptibility is given by
χ
χ0
= 1 + 2Jζ(3)
(




where χ0(1 + tanhJ)/(1 − tanh J) is the initial suscep-
tibility of the Ising model with R = 1. This theory is
referred to as ‘MMF(R = 1)’, which indicates that ρ̃ and
g̃ are those of the system with R = 1.
3. Mean-field theory
Solving the linearized version of the self-consistent
equation
m = tanh (α+ 2Jζ(3)m) (37)







which predicts a critical coupling constant Jc =
1/2ζ(3) ' 0.415954. It is known that there is no phase
transition for the one-dimensional dipolar Ising model
[15–19]. The linearized version of this formula agrees
with the MMF result in Eq. (28). This theory is referred
to as ‘MF’.
III. MONTE CARLO SIMULATIONS
To test the accuracy of the theories, MC simulations
were carried out on chains of N = 1000 spins, with pe-
riodic boundary conditions applied [28]. One MC sweep
consisted of N attempted rotations of randomly selected
spins. With σ = 0, a spin was rotated about a randomly
generated axis by a randomly chosen angle in the range
[−π, π]. With σ = ∞, a spin was flipped from S to −S.
Each simulation consisted of between 1×105 and 1×106
MC sweeps, depending on the parameters R, J , and α.













i=1 Siz, n = 3 for σ = 0, and n = 1 for
σ =∞.












σ = 0 MF
σ = 0 MMF(NI)
σ = 0 MC
σ = ∞ MF
σ = ∞ MMF(NI)
σ = ∞ MMF(R = 1)
σ = ∞ MC
FIG. 1. The ratio χ/χ0 as a function of J for systems with
σ = 0 and σ = ∞. The points are from MC simulations,
and the lines are from theory: MF theory with σ = 0 (black
dotted line); MMF(NI) theory based on non-interacting spins
with σ = 0 (black dashed line); MC simulations with σ = 0
(black filled circles); MF theory with σ = ∞ (red dotted line);
MMF(NI) theory based on non-interacting spins with σ = ∞
(red dashed line); MMF(R = 1) theory based on interacting
spins with R = 1 and σ = ∞ (red solid line); MC simulations
with σ = ∞ (red unfilled squares).
IV. RESULTS
Fig. 1 shows the ratio χ/χ0 as a function of J for mod-
els with σ = 0 and σ = ∞. The initial susceptibility
with σ =∞ increases much more rapidly than that with
σ = 0, because the spins are constrained to lie parallel or
antiparallel to the z axis. With σ = 0, both the MF the-
ory and the MMF(NI) theory are in reasonable agreement
with the MC simulation results. The MF theory predicts
a divergence in χ at Jc ' 1.24786, which is an artifact.
With σ = ∞, the MF theory predicts a divergence at
Jc ' 0.415954, which renders it highly inaccurate except
at very low values of J . The two MMF theories perform
very differently. The MMF(NI) theory is only accurate
at low values of J , while the MMF(R = 1) theory is
accurate up to J ' 0.7. This shows that including corre-
lations has a huge effect on the results for systems with
strong anisotropy.
Near the critical temperature Tc, the initial suscepti-
bility follows the scaling law χ ∼ (T − Tc)−γ , where γ is
a critical exponent that depends on the universality class
of the Hamiltonian [29]. The classical Curie-Weiss law
of (anti)ferromagnetism states that 1/χ ∝ (T − Tc). In
the present case, Tc = 0 because there is no long-range
order at finite temperature. Since χ0 ∝ J [Eqs. (12)
and (29)], it is clear that 1/χ ∝ χ0/Jχ. Fig. 2 shows a
plot of χ0/Jχ as a function of the dimensionless temper-
ature 1/J . These plots show that, at high temperature,
the initial susceptibility follows the Curie-Weiss law. MC
simulations show that, at low temperature, the suscepti-
bility does not diverge according to any scaling law, since
6












σ = 0 MF
σ = 0 MMF(NI)
σ = 0 MC
σ = ∞ MF
σ = ∞ MMF(NI)
σ = ∞ MMF(R = 1)
σ = ∞ MC
FIG. 2. The ratio χ0/Jχ as a function of 1/J for systems
with σ = 0 and σ = ∞. The points are from MC simulations,
and the lines are from theory: MF theory with σ = 0 (black
dotted line); MMF(NI) theory based on non-interacting spins
with σ = 0 (black dashed line); MC simulations with σ = 0
(black filled circles); MF theory with σ = ∞ (red dotted line);
MMF(NI) theory based on non-interacting spins with σ = ∞
(red dashed line); MMF(R = 1) theory based on interacting
spins with R = 1 and σ = ∞ (red solid line); MC simulations
with σ = ∞ (red unfilled squares).
there is no phase transition in these models. The MF the-
ories for both σ = 0 and σ =∞ erroneously signal phase
transitions. With σ = 0, both the MF theory and the
MMF(NI) theory are in good agreement with the sim-
ulation results at high temperature. With σ = ∞, the
superiority of the MMF(R = 1) theory over the MF and
MMF(NI) theories is clear. All of the MMF theories are
qualitatively correct in that they do not predict a phase
transition at finite temperature.
Figs. 1 and 2 show that with a moderate value of
J = 0.5, the σ = 0 case is well described by both the MF
and MMF(NI) theories. Fig. 3 shows the magnetization
curve for this case, on both an expanded scale (α ≤ 5)
and in the linear-response regime (α ≤ 0.5). The magne-
tization curve for the non-interacting system [Eq. (11)] is
clearly inadequate. Both the MMF(NI) theory [Eq. (15)]
and the the MF theory [Eq. (18)] are in good agreement
with the MC simulations, and there is not much to choose
between them. The MF theory slightly overestimates the
initial susceptibility, while the MMF(NI) slightly under-
estimates it.
Figs. 1 and 2 show that the σ = ∞ case demands
a more sophisticated theory. The magnetization curve
with J = 0.5 is shown in Fig. 4. For clarity, Fig. 4(a) and
(b) show the results for non-interacting spins and from
MMF(NI) theory, and Fig. 4(c) and (d) show the results
for interacting spins with R = 1 and from MMF(R = 1)
theory. The comparisons with MC simulation results are
made on both expanded scales [(a) and (c)] and in the
linear-response regime [(b) and (d)]. The MF theory is
not shown because J = 0.5 is above the apparent value
























FIG. 3. The magnetization curve with σ = 0 and J = 0.5:
(a) expanded scale; (b) linear-response regime. The points
are from MC simulations, and the lines are from theory: MF
theory (dotted line); non-interacting (NI) spins (dashed line);
MMF(NI) theory based on non-interacting spins (solid line).












































FIG. 4. The magnetization curve with σ = ∞ and J = 0.5:
(a) and (c) expanded scale; (b) and (d) linear-response regime.
The points are from MC simulations, and the lines are from
theory: (a) and (b) non-interacting (NI) spins (red dashed
line); (a) and (b) MMF(NI) theory based on non-interacting
spins (red solid line); (c) and (d) interacting spins with R = 1
(blue dashed lines); (c) and (d) MMF(R = 1) theory based
on interacting spins with R = 1 (blue solid line).
of Jc. The results for non-interacting spins and from
MMF(NI) are not in good agreement with the MC sim-
ulation data. The MMF(R = 1) theory, however, shows
excellent agreement with the MC simulations.
Fig. 5 shows a direct comparison of the MMF(NI) and
MMF(R = 1) theories for systems with σ = ∞ and
J = 0.25, 0.50, and 1.00. The results show that the devia-
tion between the two theories grows rapidly with increas-
ing J . With J = 0.25 and 0.50, the MMF(R = 1) theory
is essentially perfect. Even with J = 1.00, where the ini-
tial susceptibility is not very accurate, the MMF(R = 1)
theory is in moderate agreement with the MC simulation
results.
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FIG. 5. The magnetization curves with σ = ∞ and J =
0.25, 0.50, and 1.00. The points are from MC simulations:
J = 0.25 (black circles); J = 0.50 (red squares); J = 1.00
(blue diamonds). The lines are from theory: MMF(NI) theory
based on non-interacting spins (dashed lines); MMF(R = 1)
theory based on interacting spins with R = 1 (solid lines).
V. CONCLUSIONS
Motivated by a recent study of the magnetic proper-
ties of immobilized superparamagnetic particles [4], this
work was devoted to the influence of the anisotropy
in one-dimensional spin models with long-range dipo-
lar interactions. Various theories were tested against
computer-simulation results for the initial susceptibility
and the magnetization curve. It was shown that increas-
ing the anisotropy (and changing from Heisenberg-like to
Ising-like spins) increases the initial susceptibility, in line
with earlier work. Self-consistent mean-field theory and
a modified mean-field theory based on non-interacting
spins (no correlations) work quite well in the case of zero
anisotropy. Physically, this is due to the unhindered ro-
tation of the spins, and the fact that the effective dipolar
interactions become short-ranged. In the limit of infi-
nite anisotropy, both of these theories fail badly with
strong interactions between the spins. A modified mean-
field theory based on spins with nearest-neighbor inter-
actions was shown to work extremely well. The inclu-
sion of strong ferromagnetic correlations, albeit approxi-
mately, gives a much more accurate estimation of the ef-
fective field felt by an individual spin, modified by long-
range interactions with the other spins. The resulting
formulas for the magnetization curve and initial suscep-
tibility are simple and in closed form. It is hoped that
a similar approach can be found to treat spatially dis-
ordered systems such as strongly interacting ferrofluids,
ferrogels, and composites with immobilized superparam-
agnetic particles.
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Appendix: Pair distribution function of the
nearest-neighbor Ising model
The pair distribution function is defined as [21]




where ρ̃(S) and ρ̃(S, S′, r) are, respectively, the one-spin
and two-spin densities. The two-spin density must fulfill












SS′ρ̃(S, S′, r) = C̃r (A.2c)
ρ̃(+1,−1, r) = ρ̃(−1,+1, r) (A.2d)
These conditions allow the computation of the four values






1 + 2m̃+ C̃r
)
(A.3a)












Combining these relations with ρ̃(S) = 12 (1 + Sm̃) gives
Eq. (31).
Fig. 6 shows examples of g̃(S, S′, r) for systems with
R = 1, J = 0.5, and α = 0.0 and 0.2, from MC sim-
ulations and Eq. (31). The agreement between the-
ory and simulation is perfect. In zero field (α = 0),
g(1, 1, r) = g(−1,−1, r), and these ferromagnetic cor-
relations are stronger than the antiferromagnetic ones
[g(1,−1, r) = g(−1, 1, r)]. In an applied field (α > 0),
most spins are parallel to the field and hence g(1, 1, r) '
1, while pairs of spins antiparallel to the field are at-
tracted to one another [g(−1,−1, r)], and spins oppo-
site to one another are repelled [g(1,−1, r) = g(−1, 1, r)].
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(b) J = 0.5, α = 0.2
FIG. 6. Pair distribution functions with σ = ∞: (a) J = 0.5
and α = 0.0; (b) J = 0.5 and α = 0.2. The unfilled symbols
are for the nearest-neighbor Ising model (R = 1), and the
filled symbols are for the long-range dipolar model (R = ∞).
The lines are for the system with R = 1, from Eq. (31).
Fig. 6 also shows the pair distribution functions for sys-
tems with long-range dipolar interactions (R = ∞), cal-
culated in MC simulations. The results show that the
correlations are qualitatively similar, but longer ranged,
as expected.
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